The method of many-particle quantum hydrodynamics has been recently developed, particularly this method has been used for an electrically polarized Bose-Einstein condensate. In this paper, we present the development of this method for an electrically polarized three dimensional Fermi gas. We derive corresponding dynamical equations: equation polarization and equation of polarization current evolution as well as the Euler and continuity equations. We study dispersion dependencies of collective excitations in a polarized Fermi gas and consider interference of an equilibrium polarization on dispersion properties.
I. INTRODUCTION
Electrically polarized ultracold Fermi gases have been in the center of attention [1] along with the electrically polarized Bose-Einstein condensate [1] - [5] . It is wellknown that generalization of the Gross-Pitaevskii equation has been used for description of the electrically polarized Bose-Einstein condensate what was suggested in Ref.s [6] - [8] . An analogous non-linear Schrodinger equation can be used for study of electrically polarized Fermi gases. However, using of the kinetic equation is more prevailing (see for example [9] , [10] , [11] ). In simple cases the set of quantum hydrodynamics (QHD) equations is equivalent to corresponding non-linear Schrodinger equation [12] , but it we are interested in studying of evolution of electrical dipole moment direction we need more general equation set. Such equations can be derived by means of the QHD method, which allows to get equation of polarization evolution, as it was demonstrated for electrically polarized BoseEinstein condensate [13] - [16] . This paper is dedicated to both the development of the method of many-particle QHD for electrically polarized ultracold Fermi gas and studying of dispersion of bulk collective excitations inwhere.
To be certain we will consider fermions with the spin 1/2. We interesting in dynamic of electric polarization, and it's influence on static and dynamic properties of the ultracold fermions. We do not consider the dynamic of spin of atoms, for simplicity. However, at consideration of nonlinear properties of the electrically polarized ultracold fermions the role of a spin could be important. The nonlinear Schrodinger equation is usually used for quantum gases studying, so it is important to discuss limits of validity of such approximation. In the case of the electrically polarized quantum gases, in the corresponding non-linear Schrodinger equation a new term is added. However, this approximation includes interaction among parallel dipoles and influence of this interaction on particles translational motion (see Fig.1 ), and does not account spatial and temporal evolution of dipoles direction pictured on Fig.2 . In Ref. [13] authors developed method accounted spatially inhomogeneous distribution of dipoles directions and it's temporal evolution. This method includes the potential of in- teraction unparallel dipoles, and it also includes additional equations determining evolution of dipoles moment of a volume unit. It was based on the method of many-particle QHD. In our previous papers [13] - [17] we developed the method of the many-particle QHD for the electrically polarized BEC. This approximation allows to describe as the spatial and the temporal evolution of the electric dipole moments including evolution of it's directions. Evolution of dipoles direction gives influence on translational motion of particles due to tensor nature of the dipole-dipole interaction. Equations of the QHD are derived directly from the many-particle Schrodinger equation. QHD description of unpolarized ultracold fermions was presented in Ref.s [12] and [18] .
At studying of ultracold electrically polarized Fermi gas, many researchers actually prefer using the kinetic equation [9] , [10] , [11] , which describes evolution of the distribution function f (r, p, t) defined in the six dimensional space of coordinate r and momentum p. The kinetic equation allows us to get a set of hydrodynamics equations for evolution of the particle concentration n(r, t) = f (r, p, t)dp, momentum density j(r, t) = pf (r, p, t)dp, energy and higher moments of the distribution function. However the usually used kinetic equation corresponds to the hydrodynamic equations, which do not include the equations of polarization evolution, and, so it describe polarization evolution caused by changing of particles concentration only. We believe that such approximation might be enough for getting description of collective excitation of the sample shape, but it is not enough for bulk waves description in the electrically polarized Fermi gas.
In Ref.s [9] , [10] the kinetic equation was derived via the Wigner function with parallel dipoles without dynamics of electric dipoles direction. In Ref. [11] this equation has been used for dynamics of the dipolar Fermi gas at finite temperature. The functional renormalization group technique used in Ref. [19] to get the zerotemperature phase diagram of dipolar fermions on a two-dimensional square lattice at half filling for the system of dipoles pointing in the same direction.
A. R. P. Lima and A. Pelster [20] presented the derivation of the continuity and Euler equations for dipoles fermions considering the evolution of the one-body density matrix [21] - [23] . They considered the set of equations which is equivalents to the corresponding non-linear Schrodinger equation and describes dynamics of parallel dipoles. In QHD description these equations are only a part of the set of QHD equations. Here we present more general set of QHD equations which fully described dynamics of electrical polarization in polarized Fermi gas. The Habbard's model is also very useful [24] , [25] , but we are not going to discuss it here.
The set of the many-particle QHD equations obtained in Ref.s [13] - [15] contains four equation, which are the continuity equation, the Euler equation (the momentum balance equation), the equation of polarization evolution and the equation of polarization current evolution. These equations appear along with the equations of field, which are ∇E = −4π∇P and ∇ × E = 0, where E is the electric field, and P is the density of electric dipole moment, they are a pair of the Maxwell's equations. This model give us possibility to study the evolution of polarization, and it's influence on particle motion. It was found that in linear approximation where are two wave solution instead of the Bogoliubov's mode existing in the unpolarized BoseEinstein condensate.
In this paper we develop the many-particles QHD for the electrically polarized ultracold fermions. We derive corresponding the continuity equation, the Euler equation, the equation of polarization evolution and the equation of polarization current evolution. Expecting to obtain two wave solutions instead of one existing in the unpolarized ultracold Fermi gas we consider linear approximation of the QHD equations.
This paper is organized as follows. In Sec. II we present the derived set of the QHD equations for the electrically polarized ultracold fermions. In Sec. III we describe the method used for the solving of the QHD equations and present formula for dispersion dependence of waves in the system of the electrically polarized ultracold fermions. In Sec. IV we present numerical analysis of the dispersion dependence. In Sec. V we present the brief summary of our results.
II. BASIC EQUATIONS
Here we will briefly present the set of the QHD equations for the electrically polarized ultracold Fermi gas. The method of theirs derivation described in Ref.s [14] and [17] . It was done for the Bose-Einstein condensate, but the method of derivation is the same, this is why we do not present details of derivation and present resulting equations only.
The first equation of the QHD equations system is the continuity equation
where n is the particles concentration and v α is the velocity field.
The momentum balance equation for the polarized ultracold fermions has the form
where
In equation (2) we defined a parameter Υ 2 as (3). This definition differs from the one in Ref.s [12] , [18] . In lefthand side of equation we have three terms proportional to 2 , first of them is the gradient of the Fermi pressure. Other two are the quantum Bohm potential, they appear as a result of using of the quantum kinematics. The first four terms in the right-hand side of equation (2) describe the short range interaction in the system of ultracold fermions appearing in the third order by the interaction radius. They occur because of taking into account of the SRI potential U ij . The interaction potential U ij defines the macroscopic interaction constant Υ 2 . The first three terms in the right-hand side of equation contain high space derivatives of particle concentration and, thus, have something common with the quantum Bohm potential. The fourth term arises because of the dependence of the interaction on the Fermi pressure. Therefore the Fermi pressure gives contribution in two terms, kinetic and dynamical. The last term in the equation (2) describes force field which affects the dipole moments in a unit of volume as the effect of the external electrical field and the field produced by other dipoles. The last term is written using the self-consistent field approximation [17] .
We have also field equations ∇E(r, t) = −4π∇P(r, t),
and ∇ × E(r, t) = 0. (5) Equations (4) and (5) allow us to consider longitudinal waves only, i.e. electric field of wave parallel to the direction of propagation.
In the case particles does not contain the dipole moment, the continuity equation and the momentum balance equation form a closed system of equations. When the dipole moment is taken into account in a momentum balance equation, a new physical value emerges, a polarization vector field P α (r, t). This causes system of equations to become incomplete.
We need next equation for investigation of the dispersion of the collective excitations is the equation of polarization evolution
R αβ (r, t) is the current of polarization. The equation (6) does not contain information about the effect of the interaction on the polarization evolution. The evolution equation of R αβ (r, t) can be constructed by analogy with the above derived equations. Using a selfconsistent field approximation of the dipole-dipole interaction we obtain an equation for the polarization current R αβ (r, t) evolution
(7) Here r αβγ is an analog of the tensor of kinetic pressure. Assuming to the fact that we consider the system of the ultracold fermions, and the pressure p described by the Fermi pressure (the second term in the left-hand side of equation (2)). Therefore we suggest following equation of state for the r
is the constant electric dipole moment of single particle. Thus P α changes due to change of concentration n only. This approximation corresponds to using of the non-linear Schrodinger equation. In this case we also get that R αβ = p z 0 nv β δ zα and equation (7) reduces to the Euler equation (2) where in the last term we should put P α = p z 0 nδ zα . From this comparison we conclude that κ should be equal to 1, but we will keep quantity κ through the paper to trace contribution of the Fermi pressure appearing in the equation of the polarization current evolution. The last term in the formula (7) includes both external electrical field and a self-consistent field that particle dipoles create. This term contains a numerical constant σ. Equation (7) does not contain short range interaction because the short range interaction gives no contribution in equation (7) in the first order by the interaction radius (analogously to equation (2)), and we do not consider contribution of higher order. For comparison we can admit that in the Euler equation (2) we have accounted the short range interaction up to the third order by interaction radius.
Described equations correspond to the many-particles microscopic Schrodinger equation, where for dipole-dipole interaction we have used next formula
Which differs from usually used Hamiltonian of dipoledipole interaction by the term proportional to the Dirac's delta function. We present and use the set of the QHD equations in the form it has been derived. Thus we consider equations of field (4) and (5). In Ref. [16] , at studying of electrically polarized Bose-Einstein condensate, the QHD equations was considered along with the whole set of Maxwell's equation, what allowed consider transverse waves in polarized quantum gases. In the result it was shown that electromagnetic waves splits on two branches, and matter waves also contain transverse component that leads to anisotropy of the spectrum of collective excitations, whereas using of equations (4) and (5) 
III. ELEMENTARY EXCITATIONS IN THE ELECTRICALLY POLARIZED FERMI GAS
We can analyze the linear dynamics of the collective excitations in the polarized BEC using the QHD equations (1)-(8). In the beginning we consider the system is placed in the external electrical field parallel to direction of wave propagation E 0 = E 0 e x . Below we will consider influence of the equilibrium external electric field E 0z = E 0z e z , so we will have E 0 = E 0x e x + E 0z e z . The values of concentration n 0 and polarization P 0 = κE 0 for the system in the equilibrium state are constant and uniform and its velocity field v α (r, t) and tensor R αβ (r, t) values are zero. We consider the small perturbation of equilibrium state like
Substituting these relations into system of equations (1)- (8) and neglecting nonlinear terms, we obtain the set of linear homogeneous equations in partial derivatives with constant coefficients. Passing to the following representation for small perturbations δf in the form of plane wave propageting in direction of x axis δf = f (ω, k)exp(−ıωt + ıkx)
yields the homogeneous system of algebraic equations. The electric field strength is assumed to have a nonzero value. Expressing all the quantities entering the system of equations in terms of the electric field, we come to dispersion equation. Equation (4) gives us the dispersion equation and equation (5) gives us additional condition on δE y = 0, δE z = 0, so all quantities we express via δE x . Thus, in presented model we have deal with longitudinal wave as self-consistent electric field in the wave parallel to the direction of wave propagation. Solving this equation we get despersion dependesies. Here we discuss dispersion equation emerging from evolution of δn, δv x , δP x , δR xx and δE x . The dispersion characteristic for collective excitations in the electrically polarized Fermi gas can be expressed in the form of
The last term under the square root, which is the last term in formula (10), is positive. Other term under the square root is the square of sum of terms, so we have the sum of two positive quantities under the square root. This means that ω 2 has no imaginary part for considered system of particles and we can conclude that there are no linear instabilities in this case.
For numerical analyzes of obtained formula (10) we introduce dimensionless parameters Ω ≡ mω/( n
0 ), and ξ = k/n 1/3 0 . Let's rewrite formula (10) in dimensionless variables
The first term in this formula appears from the quantum Bohm potential, the second and nine terms exist due to SRI which we account up to the third order by interaction radius. The third and sixth terms are caused by the Fermi pressure which is a part of equations (2) and (7) via kinetic terms. The fourth and seventh terms present contribution of equilibrium polarization. The fifth and eighth terms appear as consequence of contribution of the Fermi pressure in the SRI. The last term in formula (11) appears due to simultaneous account of the equilibrium polarization and the Fermi pressure. First of all we should consider the limit of a small polarization contribution, to compare it with dispersion of unpolarized quantum Fermi gases. Making series of the square root in formula (11) on small parameter d up to the linear terms we get
for the solution with the plus infront of the square root, and
for the solution with the minus infront of the square root.
For comparison we present here the dispersion of plane wave in unpolarized ultracold Fermi gas in introduced above dimensionless variables
where following paper [12] we include contribution of SRI between Fermi particles up to the third order by the interaction radius.
We can see that solution (12) differs from (14) by one term, the last one proportional to d. In the case of particles having no electric dipole moment d = 0 we have that the solution (11) with plus infront of the square root describes well-known matter wave in ultracold Fermi gas, and formula (13) presents dispersion dependence of new wave appearing due to polarization dynamics.
Introducing the average distance between particles l = 1/ 3 √ n 0 we can rewrite definition of ξ in the following form ξ = 2πl/λ, where λ is the wavelength λ = 2π/k. As wavelength must be at least more than two distances between particles we have that ξ < 1 or, in more realistic cases, we should consider ξ ∼0.1-0.001. Thus we can admit that ξ 2 on several orders smaller than one. To get γ = 1 we need | Υ 2 |> 10 −20 √ µg(µm) 5.5 /c. For equilibrium particle concentration equal to 10 14 cm −3 , particle mass m = 2 · 10 −23 g and electric dipole moment of particle p = 1 Debuy we have d = 0.8. More interesting for future experiment case when molecule has electric dipole moment equal to 100 Debuy, in this case d ≃ 10
4 . Formula (11) presents two solutions, for the case when particles have large electric dipole moment for solution with the sign plus in front of square root we get
or in the other terms ω = 3 √ n 0 √ 4πσdk/m, this solution appears at neglecting all terms in comparison with two terms proportional to σd. Let's consider the second solution presented by formula (11) with sign minus in front of the square root. If we left two terms only, which proportional to σd we get Ω = 0. Thus, we have that two large terms reduce each other, so to get the solution we should consider other terms. Making expansion of the square root in linear on 1/d approximation we get dispersion of the second mode
From comparison of formulas (14) and (16) we can see that in the limit of a large equilibrium polarization dispersion dependence of the "second" matter wave similar to the dispersion of matter wave in unpolarized ultracold Fermi gas (14) , with only difference -existence of the last term in formula (16) . Following Ref. [16] we can admit that account of contribution of the transverse electric field in dynamics of matter waves in electrically polarized ultracold Fermi gas should lead to replacement of d by d cos 2 θ. Thus, we can write that in general case we get
instead of (15) for dispersion of the collective excitations in electrically polarized ultracold Fermi gas of molecules with large electric dipole moment. We can also admit that made replacement has no influence on solution (16).
Here we have considered dispersion dependence appearing from dynamics of δn, δv x , δP x , δR xx and δE x . Quantities δP y , δR yx and δP z , δR zx give us two pair of independent sets of equations. Both of them give same dispersion relation:
Taking into account E 0z = 0 (or E 0y = 0) gives no influence on evolution of δn, δv x , δP x , δR xx and δE x . However it gives contribution in evolution δP z , δR zx . δn gives influence on δP z , δR zx , but in this case we have not closed set of equations. Now, we have described main properties of dispersion of collective excitation and we can pass to conclusions.
IV. CONCLUSION
We have developed the method of the many-particle QHD for the system of the ultracold electrically polarized Fermi particles. The set of the QHD equations consists of four material equations: the continuity equation (the equation of balance of the particles number), the Euler equation (the momentum balance equation), the equation of polarization evolution, and the equation of polarization current evolution, and two equations of field, which is the part of the set of the Maxwell's equation. Due to the fact of using of the mentioned equations of field we can admit that we have deal with the longitudinal waves, i.e. direction of the electric field in the wave parallel to the direction of wave propagation.
Using the QHD equations we have studied dispersion of the plane collective excitation in the three dimensional ultracold electrically polarized Fermi gas. We have found that there are two matter waves, whose dispersion reveals no anisotropy. These two waves appear in the electrically polarized Fermi gas instead of the one matter wave existing in the unpolarized Fermi gas. Using our previous results we generalized the obtained dispersion dependencies to get anisotropic spectrum.
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